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Wave Impedance — Lossless Line

When impedance not matched -
we have standing waves and voltage 1s out of phase with current.

We define the wave impedance:
ratio of the total voltage to the total current at any point, d, on the line.

Wave impedance:
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Wave Impedance — Lossless Line

Wave impedance: Z(d) = ‘1/((3))

Recall: V(z) =V e™"? + V; e¥? (wave equation solution)

Lossless > V(z) = Vj e /8% + V5 elF?

V(z) = V5t (e 7PZ+TelP?)

+
Vg

Then z = -d,




Wave Impedance — Lossless Line

. V(d
Wave impedance: Z(d) = %
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Define: [y = e J2B4[ = |[|e/(6r=26d) 5 voltage reflection ratio,
I', phase shifted by 25d
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Wave Impedance — Lossless Line

Consider the transmission line circuit:

Ze—o 7 S 8
_+...
% é\’) Z(d) —> A 71 _ Replace with
g A B C lumped impedance
i = § .
d=1 d 0

Terminals BB’ are at arbitrary location d on the line, Z(d):

wave impedance of line when “looking” toward load



Wave Impedance — Lossless Line

Consider the transmission line circuit:

7 2 S
_+._
v, Ad)—> 20 L — Replace with lumped impedance
: £ g
| §
d=1 d 0 —

We use equivalent circuit:
Replace segment to right of BB’ with lumped impedance = Z(d)

Z, [ 2
+
~ Lumped impedance = equivalent
Vg@ Z(d)
— /i i |B'



Wave Impedance — Lossless Line
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Define: I} = e /28T = |T|e/Or—J2B! ' Zu+Zy ozt

Using relations: e/f! = cos(Bl) + jsin(Bl)

e Bl = cos(B1) — jsin(Bl)
We obtain:
, <zL cos(Bl) +jsin(,81)) _, < z; + jtan(pl) )
20 cos(BD) + jzpsin(B) ) T0\1 + jz tan(B))




Wave Impedance — Lossless Line

I
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At generator (source) end:

replace transmission line + load
with input impedance = Z;,




Wave Impedance — Lossless Line

/i

Transmission line

A
_Z2 _"E
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From generator: (transmission line

i replaced with impedance Z;;,)
5 / l V.7,
Ng@ ?i Lip = A FVL Z, fil - T;Zln == ﬂ -—
: \ l Zy+ Zin
R p
Generator | T T Load From transmission line: Phasor VOltage
_ K : ) 7.
2= 2N (at input to line) = voltage: across Zin
. ! ds ~ o~ equivalent at
cquivalent § Vi =V interface
) Zg L+é ]7; = V(—l) = VO+(ejﬁl+Fe_jBl) <«
N [ (at z = —1)
V(™ Vi Zip
;,C) l Solve for V™
_CA' _
V.t = VoZin 1
0 Zy+Zin) \e/Bt 4+ Te=JB
2(d) — V(d) Vi (e/Pi4re /Py Z
I(d) Vi (e/Pd—Te-iBa) ™0
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Transmission Line Recap

d?V(z) s d?1(z)
dz?

Wave solution equations = traveling wave

V(Z) — V0+6_yz + VO_eyZ
[(z) =Ife "% +I5e"?

4 unknowns:  Vy ,Vy, Ig, Ig

Reduced to 2 unknowns
«— by transmission line
lumped element model

Vo Vg
Iy Iy

Z():




Transmission Line Recap

Applying boundary condition at load, we can relate V; to V" through T

Applying boundary condition at source, = obtain expression for V'

V+ — ngin 1
Zy+ Zin) \e/Bt 4+ Te=JB

1+ I‘d> 7(d) = V(d) _ Vi (e/Pd+4TeIBd)

: _ . = : —7
From Load: Z(d) = Z, (1_Fd f(d) V7 (elPi—_Te-iFd) 0

where Iy = Te /284 = |['|e/0r=J2Bd = |T|e/(6r—2B4)

From Source: Z() = Z, (1 + Fl) I = e /2Bl — |F|ej(9r_2ﬁl)
1-1;

B N z;, + jtan(Bl)
Zin=2(l=d) =2, (1 + jz tan(Bl)
@Zin

7 =Tz, =_letn_
l l“in Zg_I_Zln

= Vg (e/Pt4+Te 1A



Example — solutions for v(d,t) and i(d,t)

Example:
Generator (f= 1.05GHz) circuit with v,(t) = 10sin(wt + 30°)

Connected to load: Z; = (100+;50) Q
through lossless transmission line of length / =67 cm and Z, = 50 Q
Z4 = 10 Q and the phase velocity of line u,, = 0.7¢

A

7 -y A Transmission line
g a4 el
= ! ‘ L
+| =10Q /
%@ Zy=50Q VL Z; E100+50Q
\_Al Z = = d \
c_)—
Generator | | Load
z=-1 I=67cm z=0
a=i d=0

Find: v(d,t) and i(d,f)



Example — solutions for v(d,t) and i(d,t)

Find: v(d,t) and i(d,t)

L A  Transmission line
Z, —
3 4 ‘]L
" =10Q2
A Vi Z, = Zy=50Q Vi | Z; F100+j50Q
\_, i |
O ———————— )
Generator |- i Load
Z=l I=67¢cm z=0
d=1 d=0

Strategy: we will find V(d) = then get time domain, v(d,?)
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Example — solutions for v(d,t) and i(d,t)

Find: v(d,t) and i(d,t)

I

7 1= ’4 Transmission line
2 ire 4+ T
- Jr
. =10Q /
~g® A Zo=50Q Vi |Z; E100+j50Q
\_Af pa =i d S
Generator T T Load
z==l I=67cm Zz=
d=1 d=0

Is our TL lossless?

To get V(d) = V3 (e/P2+Te /B

\ )
|

Lossless line solution

Need to find V,*:

A VoZin = Need to obtain, V, Z;,,, T, B
0o — ejﬁl_l_l-.e_jﬁl > ¥gs “ins
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Example — solutions for v(d,t) and i(d,t)

2
Starting with getting f: B = Tﬂ u, = Af

_uy  0.7x3x10°

=2 = 0.2
A= T 5 x 109 m

_Zn_lo
B=gz=10m

=27 2T 0.67) = 6.7
pr="21= 2 (067) = 67

pl=6."7m—6m =0.771 > 126°



Example — solutions for v(d,t) and i(d,t)

Now obtain, T’

A=A 100 + j50) — 50 . o
r=Ze=Zo _LODHPI) =50 _ g yseines
Zin = Z(l)
—Jj2p1 .
=7, 141, =7, 1+Te | Fl=Fe_]ZBl
1-1, 1 — Te—J2hl

o LF 0.45¢/266" ¢=j252°
B 1 — 0.45¢/266° p—j252°

Zin = (21.9 + j17.4) Q




Example — solutions for v(d,t) and i(d,t)

Now obtain, V, vy(t) = 10sin(wt + 30°)
v, () = Re|V,e/**]

Need to move to
cosine reference

Vg(t) = 10 cos(90° — wt — 30°) = 10 cos(wt — 60°)

~

vy (t) = Re [10e—f60°efwt] 7, =102 —60°



Example — solutions for v(d,t) and i(d,t)

Now, obtain V,™:

V+ — ngin 1
Zy+ Zin) \e/Plt +TeJP

1077697 (21.9 + j17.4) 1
VO+ - . o) , Io) . o
10 + (21.9 +j17.4) ej126° | (0.45¢J26.6° o—j126

Vi = 10.2¢/15%° (V)

V(d) = Vi (e/Pa+Te /B

V(d) = V4 (e/Pl4Te 7By = 10.2e7159° (£1Bd4(0.45¢1266° o-JBd)



Example — solutions for v(d,t) and i(d,t)

Now convert to time domain:

v(d, t) = Re|V(d)e®t]

v(d,t) = 10.2cos(wt + Bd + 159°) + 4.55cos(wt — fd + 185.6°)

We can then obtain I(d) and i(d, t):

+

- V . .
I(d) = _O (e].Bd_Fe_].Bd)
Zy

[(d) = 0.20e/15%° (e/Bd—(.45¢/26:6° o=iBd)

i(d,t) = 0.20cos(wt + fd + 159°) — 0.09cos(wt — Bd + 185.6°)

19



	ELEN E3401: Electromagnetics�Spring 2025��Prof. Keren Bergman���Lecture #7�
	Wave Impedance – Lossless Line
	Wave Impedance – Lossless Line
	Wave Impedance – Lossless Line
	Wave Impedance – Lossless Line
	Wave Impedance – Lossless Line
	Wave Impedance – Lossless Line
	Wave Impedance – Lossless Line
	Wave Impedance – Lossless Line
	Transmission Line Recap
	Transmission Line Recap
	Example – solutions for v(d,t) and i(d,t)
	Example – solutions for v(d,t) and i(d,t)
	Example – solutions for v(d,t) and i(d,t)
	Example – solutions for v(d,t) and i(d,t)
	Example – solutions for v(d,t) and i(d,t)
	Example – solutions for v(d,t) and i(d,t)
	Example – solutions for v(d,t) and i(d,t)
	Example – solutions for v(d,t) and i(d,t)

